iNTroDucTioN
For mature animals across species, the famous equation in which fasting heat production rate is proportional to the three-quarters power of body size is often used as an index of metabolism (Kleiber, 1975) . Initially, this relationship was accepted on an empirical basis; however, several have since proposed mechanistic reasons for it (cited by Wang et al., 2012) . Brody (1945) utilized such empirical power functions to describe respiratory energy needs throughout the growth of an animal. These are still widely employed to calculate maintenance energy requirements during growth for most species (e.g., NRC, 2000 NRC, 2001 . Experiments evaluating such relationships were seldom continued after an animal reached a "mature" or marketable size. Under this theory, animals must become more energy efficient as they grow. The power function (with an exponent less than 1) indicates that each additional unit of size requires less respiration energy than the previous one, no matter how large an animal gets.
Although apparently true for mature animals across species, the concept of ever-increasing energy efficiency may be untenable for growing individuals within a species. It could be an example of the "fallacy of division," the fallacy that whatever is true of a whole (i.e., mature interspecies) must be true of any part or member of that whole (i.e., individual growth intraspecies). An animal may eventually become so large that the heat production rate for the next size unit is larger than the previous one. Indeed, this seems likely to us, along with the idea that heat production rate should eventually accelerate as an individual's size increases. Logic would then require that the power function be replaced by one that can describe accelerating respiratory energy in growing animals. Literature data were examined for evidence of this phenomenon in various species. Potential explanations for increased ABsTrAcT: Our objective was to formulate a general and useful model of the energy economy of the growing animal. We developed a theory that the respiratory energy per unit of size reaches a minimum at a particular point, when the marginal respiratory heat production rate is equal to the average rate. This occurs at what we defined as the energetically optimal size for the animal. The relationship between heat production rate and size was found to be well described by a cubic function in which heat production rate accelerates as the animal approaches and then exceeds its optimal size. Reanalysis of energetics data from the literature often detected cubic curvature in the relationship between heat production rate and body size of fish, rats, chickens, goats, sheep, swine, cattle, and horses. This finding was consistent with the theory for 13 of 17 data sets. The bias-corrected Akaike information criterion indicated that the cubic equation modeled the influence of the size of a growing animal on its heat production rate better than a power function for 11 of 17 data sets. Changes in the sizes and specific heat production rates of metabolically active internal organs, and body composition and tissue turnover rates were found to explain notable portions of the expected increase in heat production rate as animals approached and then exceeded their energetically optimum size. Accelerating maintenance costs in this region decrease net energy available for productive functions. Energetically and economically optimum size criteria were also compared.
rates of heat production as animals grow above an energetically optimum body size were also evaluated.
mATeriALs AND meTHoDs

Details of the Theory
Let R be the maintenance energy cost (the heat production rate associated with respiration) of an animal, measured in energy units per unit time (e.g., kilocalories per day). Let S be the size of the animal, measured in mass units. We know that R per unit of S declines, at least for a time, as animals become larger. Brody (1945) confirmed this, as have many others since.
Our hypothesis is that average maintenance energy cost, R/S, does decline until an "optimal" size is reached but then begins to rise on further growth. This upward swing in average maintenance cost is a departure from the long history of research results of Brody (1945) , Kleiber (1975) , and many others. It also implies the existence, and allows estimation, of an energetically optimum size.
If R/S does reach a minimum, the derivative of R/S with respect to size becomes zero at this point, a point we define as the optimal size. Hence, the optimal size first-order condition
meaning the marginal change in maintenance energy with respect to size is equal to the minimum average maintenance energy per unit size at a size we are defining as optimal. The second-order conditions require dR/ dS to be positive at the optimal size. As we can see from a combination of Eq.
[2] and [3] below and the fact b < 0 in Eq.
[2], this is true for data consistent with Fig. 1 . This view creates a conflict with the three-quarters power function: during animal growth the average maintenance energy cost (R/S) does decline until the animal passes a particular size but, we hypothesize, continued growth results in increasing maintenance energy per unit of size.
During the growth process, the animal's minimum average maintenance energy cost becomes equal to the marginal maintenance energy cost at a particular size. We define this size as optimal for the animal. This issue is summarized graphically in Fig. 1 .
To allow the condition given by Eq.
[1], we need a maintenance energy (heat production rate) function, R = f(S), that does not rise monotonically but one in which R rises to a minimum critical slope and then begins to rise more rapidly as size continues to increase. Such a curve can be obtained simply with another empirical function, a cubic. We used R = a × S 3 + b × S 2 + c × S, [2] with coefficients a, b, and c to examine 17 maintenance energy data sets. The absence of a constant term forces our empirical 3-parameter function to pass through the origin (i.e., R = 0 when S = 0).
Applying Eq.
[1] to Eq.
[2] gives the optimum size,
indicating the relative importance of the quadratic and cubic term coefficients in Eq. [2] . The size at which the cubic heat production rate curve slope stops decreasing and begins to rise is the minimum slope of Eq.
[2]. That size is S* = −b/(3a), or 2/3 of the optimal one given by Eq.
[3]. This result shows that the beginning of the rise in rate of heat production occurs at a size well short of the optimal one. As we show below, the constant b is negative in data sets that conform to Fig. 1 . Constants a and c are always positive in these cases. We used analysis of R vs. S data to estimate constants a, b, and c that best fit Eq. [2]. Equation [3] was then employed to calculate optimal animal size. For statistical comparison, a power function was also fit to the same data.
Data Analysis
Maintenance energy (heat production rate) and body size data from the literature that had been presented in graphical form were digitized (Engauge Digitizer version 4.1, Mark Mitchell, Los Angeles, CA) for reanalysis; however, digitization was not required for tabular data. Cubic and nonlinear regressions were performed using statistical software (NLREG version 5.3; Sherrod, 2002) . Goodness of fit for the cubic and power function models was evaluated on the basis of the bias-corrected Akaike information criterion (Burnham and Anderson, 2002; Spiess and Neumeyer, 2010) . Use of this criterion accounts for differences in the number of parameters in the models and for relatively small sample sizes. Table 1 lists type of animal, body size range, sample size (or number of group means), coefficients of the cubic function (Eq. [2]), bias-corrected Akaike information criterion statistics for the cubic and a power function, optimum size according to the cubic using Eq.
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[3], and the citation for each set of data analyzed. The presence of a positive cubic coefficient and a negative quadratic coefficient indicates that heat production rate and body size were related as described in Fig. 1 .
Fish were represented by the convict cichlid data (group means) of Fidhiany and Winckler (1998) . The cubic coefficient of Eq. [2] was positive (P < 0.001), and the quadratic term was negative (P < 0.0001); therefore, the prediction equation (Table 1) had the form of Fig. 1 (Fig. 2a) and suggested that heat production rate per unit body size (R/S) was optimal (i.e., minimal) for 3.6-g fish (Table 1) .
A similar result (P < 0.00001; Table 1 , Fig. 2b ) was obtained for the nonfasting male rat data of Kibler and Brody (1942) ; however, an optimum size of 548 g was indicated. The same was true for their fasted male rat data (P < 0.0001) except that optimum size was 359 g (Table 1 , Fig. 2c ). It should be noted that in these cases, estimated optimum body sizes exceeded the maximum observed sizes (345 and 327 g); that is, cubic curvature in the heat production rate vs. body size data was detectable even though the data sets did not include values for rats larger than the optimum size.
Optimum body sizes of 2.1 and 2.6 kg were determined using the data of Kibler and Brody (1944) for nonfasting female and nonfasting male chickens (P < 0.00001; Table 1 , Fig. 2d and 2e), although none could be detected for their fasting female or fasting male data (P > 0.10). Fewer data were available for fasting chickens, which likely contributed to this result. Ritzman et al. (1936) tabulated data for goats that indicated a cubic relationship existed between heat production rate and body size (P < 0.05), with an optimum size of 48 kg (Table 1 , Fig. 2f ).
For sheep, the heat production rate vs. body size data of Freetly et al. (2002) showed cubic curvature for both Finnsheep (P < 0.00001) and Rambouillet (P < 0.05) females (Table 1, Fig. 2g and 2h ). Optimum body sizes were 62 and 76 kg, respectively. The latter was 14% greater than the maximum observed size of Rambouillet females. Brody and Kibler (1944) included data for growing female and male swine of 2 breeds (Table 1) . Cubic curvatures (P < 0.00001 and P < 0.05) with optimum body sizes of 238 and 241 kg were indicated for Duroc Jersey females and males ( Fig. 2i and 2j) .
The cubic term was not significant (P > 0.10) for Chester White females. Although significant (P < 0.05) for Chester White males, the cubic term was negative. This equation suggested that heat production rate would begin to systematically decrease once Chester White males exceeded 173 kg, something that physically could not happen except within experimental error and normal variation. Lower maximum sizes and fewer data, within sex, for Chester White compared to Duroc Jersey swine may explain these results. Brody et al. (1942) measured the heat production rates of growing Holstein heifers. Reanalysis of their data indicated that heat production rate was related to body size as described in Fig. 1 (P < 0.00001) and that optimum body size was 494 kg (Table 1, Fig. 2k) . Baker et al. (1991) studied the fasting heat production rates of growing Hereford, Charolais, and Simmental heifers. Reanalysis of their combined data (group means) indicated that heat production rate was related to body size as described in Fig. 1 (P < 0.0001) and that optimum body size was 310 kg ( Table 1, Fig. 2l) . Brody et al. (1943) estimated the heat production rates of growing horses, specifically Percheron females and castrates (Table 1) . Again, the cubic function described these data in a manner consistent with Fig. 1 (P < 0.05; Fig. 2m) , and an optimum size of 579 kg was indicated.
In summary, reanalysis of data from the literature detected significant cubic curvature in the relationship between heat production rate and the body size of growing animals that was consistent with our theory for 8 of 8 species and 13 of 17 data sets. For 11 of 17 data sets the bias-corrected Akaike information criterion statistic was smaller (i.e., better) for the cubic equation than a power function ( Table 1 ), indicating that the former was the superior model. Across species, the data spanned 5 orders of magnitude in optimum body size. These data were gathered to estimate the maintenance requirements of growing animals, and none of the studies were designed specifically to examine the relationship between size and metabolism in mature or obese animals.
We propose 2 explanations for accelerating metabolism as growing animals approach and exceed optimum size. One relates to heat production rate associated with internal organs, especially the liver, heart, kidney, and gastrointestinal tract (Ferrell and Jenkins, 1984; Jenkins and Ferrell, 2007) . The other explanation involves changes in empty body composition and the turnover rates of its lipid and protein. +bS 2 +cS, where R = heat production rate (kilocalories per day) and S = body size (kilograms); NS, P > 0.10, *P < 0.05, ***P < 0.001, ****P < 0.0001, and *****P < 0.00001. Bias-corrected Akaike information criterion (Burnham and Anderson, 2002; Spiess and Neumeyer, 2010) .
Metabolic Activity Attributable to Internal Organs during Growth
Basal energy expenditures have been estimated to be about evenly divided between organ service functions (respiration, kidney and heart work, and liver and nervous functions) and cell maintenance (protein and lipid resynthesis and ion transport); (Baldwin et al., 1980; Milligan and Summers, 1986) . Liver and gut account for 40% to 50% of the whole-animal heat production rate (Johnson et al., 1990 ), which can be described as a product of their sizes (kilograms) and specific heat production rates (kilocalories per kilo- Heat production rate (R) vs. size (S) for (a) fish data (group means) of Fidhiany and Winckler (1998) , (b) nonfasting male rat data of Kibler and Brody (1942) , (c) fasting male rat data of Kibler and Brody (1942) , (d) nonfasting female chicken data of Kibler and Brody (1944) , (e) nonfasting male chicken data of Kibler and Brody (1944) , (f) goat data of Ritzman et al. (1936) , (g) Finnsheep ewe data of Freetly et al. (2002) , (h) Rambouillet ewe data of Freetly et al. (2002) , (i) Duroc Jersey female swine data of Brody and Kibler (1944) , (j) Duroc Jersey male swine data of Brody and Kibler (1944) , (k) Holstein heifer data of Brody et al. (1942) , (l) Hereford, Charolais, and Simmental heifer data (group means) of Baker et al. (1991) , and (m) horse data of Brody et al. (1943). gram per day). The former has been measured much more frequently than the latter, usually in mature and not in growing animals. Burrin et al. (1990) found that liver size increased with S 1.15 as lambs grew linearly (P < 0.01) from 30.4 to 39.3 kg over 3 wk; that is, body size increased 29% (data from Table 2 in Burrin et al., 1990) as liver size increased linearly (P < 0.01) from 495 to 773 g (a 56% increase; data from Table 3 in Burrin et al., 1990) . Over the same period specific heat production rate of the liver, estimated from in vitro oxygen consumption rate, increased linearly (P < 0.01) by 47% (Table 4 in Burrin et al., 1990) . We calculated the combined effect of these changes by fitting an allometric equation relating heat production rate (kilocalories per day) of the liver (liver size multiplied by its specific heat production rate) to body size. Liver heat production rate increased with S 2.69 (P < 0.05), 130% over the 3-wk growth period. Heat production rate of the liver was rapidly accelerating as the sheep grew. We estimated that this acceleration alone could explain the expected increase in heat production rate predicted by our cubic function for sheep exceeding their optimum size, where R/S was minimal, by 10% (Table 1 ; data of Freetly et al., 2002) .
Linear increases (P < 0.01) in sizes of the stomach, small intestine, and kidneys also occurred with lamb growth (Burrin et al., 1990) . A quadratic effect (P < 0.01) on the specific heat production rate of the rumen epithelium was reported, peaking at wk 2 of the 3-wk experiment. The specific heat production rate of the jejunum did not change with animal growth. A similar experiment was conducted by McLeod and Baldwin (2000) ; however, they superimposed potential diet (75% forage or 75% concentrate) effects. The liver and the digestive tract made up greater (P < 0.0002 and The digestive tract as a percentage of empty body size was also affected by diet (P < 0.002). Specific heat production rates of the rumen, duodenum, jejunum, and ileum were not affected by their treatments.
Although somewhat fragmentary, available data (Burrin et al., 1990; McLeod and Baldwin, 2000) suggest that the metabolic activity of internal organs (changes in their size as a percentage of the empty body and changes in their specific heat production rates) could contribute significantly to accelerating heat production rate as animals approach and grow beyond an energetically optimum size (Fig. 3, up arrow) .
Another experimental approach also suggests that internal organs are larger and produce more heat in growing animals than required for equilibrium at their current size. Ledger and Sayers (1977) showed that the daily feed required to maintain steers at constant sizes (185, 275, or 450 kg) decreased exponentially over time. The reduced maintenance requirements were explained by reductions in the sizes of internal organs. Turner and Taylor (1983) shared this view (Fig. 3, down arrow) .
Changes in Empty Body Composition with Growth
It is well established that empty body composition changes with animal size. For example, as growing beef cattle approach maturity and beyond, the proportion of fat in the empty body increases steadily while protein and water account for smaller and smaller proportions ( Fig. 3-1; NRC, 2000) . A kilogram of gain for a 175-kg growing steer consists of about 200 g of protein and 200 g of fat, with the rest being mostly water. For a 725-kg steer, a kilogram of gain contains only about 70 g of protein but about 700 g of fat. Additional protein and fat both increase heat production rate because constant tissue turnover increases the energy costs associated with maintaining a larger animal. There is more protein and fat in each successive kilogram of gain and less water. A greater proportion of each added kilogram must also be maintained, accelerating the heat production rate.
The NRC (2000, 2001) recommends adjusting their power function estimated maintenance energy requirements of growing beef cattle and dairy heifers by various factors. One multiplicative factor was included to allow compensatory gain. It was based on changes in empty body composition (i.e., condi- Figure 3 . Differences in heat production rate (R) between the cubic and power functions become more pronounced at larger animal sizes (S). The up arrow indicates potential influences of factors such as increased metabolic activity attributable to internal organs and changes in empty body composition and turnover during growth. The down arrow describes how reducing the feed intake of a growing animal to that required for equilibrium at their current size would reduce their heat production rate. (Best fit curves are to the data of Brody et al., 1942.) tion scores that were linearly related to the fat content of the empty body; Table 3 in NRC, 2000) . Their adjustment for body composition differences can vary maintenance requirements from 80% to 120% of power function estimates. The NRC (2000, 2001) does not elaborate on its adjustment of maintenance requirements above 100% of power function estimates based on changes in body composition.
Changes in Tissue Turnover Rates with Growth
Rates of tissue turnover, a function of tissue amounts and their half-lives, are also potential contributors to acceleration of heat production rate in growing animals. Protein resynthesis has been estimated to account for 9% to 12% of basal energy expenditure, compared to 2% to 4% for lipid resynthesis (Baldwin et al., 1980; Milligan and Summers, 1986) . For example, a 310-kg beef heifer, the optimum size we estimated using the data of Baker et al. (1991) , would be expected to contain about equal amounts of protein and fat. This implies that the heat production rate attributable to maintaining a kilogram of protein is about 3.5 times that for maintaining a kilogram of fat. Considered together then, protein accounts for 78% and lipid for 22% of resynthesis expenditures in the 310-kg animal. A 725-kg steer would contain about 1.9 times as much protein but 4.6 times as much fat as it did at a size of 310 kg. This changes the relative resynthesis expenditures to 59% for protein and 41% for fat. Clearly, changes in body composition and tissue turnover rates suggest that the heat production rate associated with maintenance will begin to increase, per unit of metabolic body size, as animals approach and then exceed their optimum size. Oldham and Emmans (1990) considered it biologically unreasonable to expect maintenance to be directly related to metabolic body size when body composition may vary, and Agnew and Yan (2000) concurred.
The estimate of Baldwin et al. (1980) that lipid resynthesis accounted for 2% to 4% of basal energy expenditure was based on measurements of glycerol turnover in resting humans (Björntorp et al., 1969; Baldwin and Smith, 1974) . Björntorp et al. (1969) reported that lipid resynthesized per unit of body fat increased as total body fat increased; therefore, energy costs associated with lipid resynthesis also increased as body composition changed.
Estimates of the half-life of body lipid vary widely. Schoenheimer and Rittenberg (1936) reported that the half-life of fat in mice was <3 d. Anderson et al. (1972) cited a number of studies that found the halflife of fat in rats was 16 to 141 d, as well as studies suggesting that it is between 350 and 700 d in humans. Their own study determined that the half-life of linolenate was 300 d for subcutaneous fat (about 70% of total body lipid) in 8-to 12-mo-old swine.
We now examine how energy costs for lipid turnover might relate to an acceleration of heat production rate in a growing animal. This relationship can be illustrated by combining the amount of fat, its half-life, and energetics data. Tyrrell and Reynolds (1989) reported a 14% increase in maintenance energy cost per day per kilogram of metabolic body size as cattle grew from 266 to 474 kg. We calculated that a body lipid half-life of about 22 d would make lipid resynthesis account for 3% (Baldwin et al., 1980; Milligan and Summers, 1986 ) of the heat produced by their 266-kg cattle at maintenance. We further estimated that fat resynthesis in their 474-kg cattle accounted for 19%, or about 3% units, of the reported 14% increase in the heat production rate per unit metabolic body size. This result suggests that lipid resynthesis in larger (fatter) animals could explain a notable portion of their increased heat production rate per unit of metabolic body size.
Economic Implications
The optimal size of domesticated animals may depend on economic factors. An economic profit-maximizing veal or lamb producer might send an animal to slaughter at an energy-determined suboptimal size. The economic criterion is similar to the one in this paper: when marginal economic cost equals minimum average cost, the potential economic profit is maximized. The decision to send animals to market can depend on feed and facility costs, market prices, etc. The economic cost per animal day is k × R + f, where k is the dollar feed cost for a unit of heat production rate and f is the daily facility dollar cost per animal. It can be shown that minimizing the average monetary cost of producing a kilogram of animal drives the marginal heat production rate apart from the average daily heat production rate by a factor f/(k × S). This additional term tends to make the monetarily optimal size larger than the energetically optimal one. As the cost of feed increases and the facility cost decreases or both, the optimal economic size becomes smaller, tending toward our optimal energetic size. For example, if grain production subsidies were to decrease, then feed costs would increase. Also, as feedlot size grows, the facility cost per animal declines. In this way we think our optimal size energy analysis can be of practical use.
For animals raised entirely on the range, economic and energetic optimal sizes are likely close to equal.
Sometimes the economic and energetic systems produce animals that are not optimally sized. Gestation periods, weaning times, seasons, shelter capacity, market price uncertainty, and other similar fac-tors can affect marketing decisions. Thus, the economically optimal size may not always be the energetically optimal size even under ideal (e.g., subsidy-free) economic conditions. Nevertheless, the identification of the energetically optimal size indicates to the producer a minimum target for their operation.
In a philosophical sense, the challenge is one of managing change for the long term. Is it best to modify the natural animal until its system conforms to an economic criterion, even as that criterion is itself incomplete and changing? Or is it in our best interest to modify the economic process to align with the highly evolved physiology of the animal?
Conclusion
Our theory is that the optimal size of a growing animal is determined by energetics. The heat production rate accelerates after a certain size, following a cubic equation rather than a power function. This conclusion makes intuitive as well as mathematical sense. The heat production rate per unit size cannot continue to decline indefinitely with animal growth, as required by the power function. A cubic description allows determination of an optimal animal size, the point at which the heat production rate per unit of size is minimized.
We found that the heat production rate of a domestic animal that grows very much over normal market size cannot be expected to follow the power function. The acceleration in the heat production rate that occurs as growing animals approach and then exceed their energetically optimum size is likely connected to the metabolic activities of internal organs and changes in empty body composition and its turnover rate. We suggest that these issues should be the focus of future research. More data on how growth affects the heat production rates of internal organs and the energy costs associated with fat turnover are particularly needed. Additional calorimetry data for growing mature and obese animals would also be helpful. Maintenance costs of growing animals must obviously be adequately described before valid estimates of the net energy remaining to support productive functions can be made.
